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Abstract
We derive the general form for a three-dimensional scale-invariant field
theory with N = 6 supersymmetry, SU(4) R-symmetry and a U(1) global
symmetry. The results can be written in terms of a 3-algebra in which the
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1 Introduction
M2-branes have recently been enjoying a period of considerable interest. One
hopes that an understanding of the dynamics of multiple M2-branes will lead
to a deeper and more microscopic understanding of M-theory. Motivated by
the papers [1] and [2], in [3] we proposed a field-theory model of multiple
M2-branes. This model was shown to admit N = 8 supersymmetry (16
supercharges) in [4] and in [5], where the Lagrangian was also given. In this
approach, the scalars and fermions take values in a 3-algebra A.
A 3-algebra is a vector space with basis T a, a = 1, ..., N , endowed with a
triple product [5],
[T a, T b;T
c¯
] = fabc¯d T
d. (1)
Note that here we take the 3-algebra to be a complex vector space, and we
have used a slightly different notation to keep track of the fact that, in this
paper, [·, ·; ·] need only be antisymmetric in the first two indices. Further-
more, we require the fabc¯d to satisfy the following fundamental identity,
f efg¯bf
cba¯
d + f
fea¯
bf
cbg¯
d + f
∗g¯a¯f
b¯f
ceb¯
d + f
∗a¯g¯e
b¯f
cf b¯
d = 0. (2)
(We will give an alternative characterization of this condition in equation
(40) below.) In [5] (and also [4]), we also required the fabcd to be real and
antisymmetric in a, b, c. In that case, for any such triple product, one finds
equations of motion that are invariant under 16 supersymmetries and SO(8)
R-symmetry.
To construct a Lagrangian we require a trace form on the 3-algebra that is
linear in the second entry and complex anti-linear in the first. This provides
an inner product,
ha¯b = Tr(T
a¯
, T b). (3)
For hab and fabcd real, gauge invariance implies that f
abcd = fabceh
ed is totally
antisymmetric. This leads to a Chern-Simons Lagrangian with 16 supersym-
metries and SO(8) R-symmetry [5]. When hab is also positive definite, it
was recently shown that the one known example, in which fabcd ∝ εabcd, is
essentially unique.3 In [9, 10] this maximally supersymmetric field theory
was identified as describing two M2-branes in an R8/Z2 orbifold background.
Recently, there have been several attempts to relax these assumptions and
construct additional models. In [11] it was suggested that fabcd need not be
3All other 3-algebras are direct sums of the minimal four-dimensional 3-algebra [6]–[8].
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totally antisymmetric, just antisymmetric a, b, c, and indeed this leads to an
infinite number of models using the 3-algebra given in [12]. The equations of
motion of [5] are still invariant under the 16 supersymmetries, but there is no
gauge-invariant metric so it is not clear how to construct physical quantities
such as energy.
More recently there have been proposals in which the metric hab has a
Lorentzian signature [13]–[15]. This allows one to construct an associated
3-algebra for any Lie algebra, and the corresponding N = 8 Lagrangian
[5] has been proposed to describe M2-branes in flat R8 [13]–[15]. Although
these models are built on a 3-algebra without a positive definite norm, the
corresponding quantum theories have been argued to be unitary [13]–[15] and
there are some encouraging features [16]–[20]. The current status of these
models is unclear. In particular, one method for removing the negative norm
states leads back to maximally supersymmetric Yang-Mills theory [21, 22],
although in a form that possesses both SO(8) and spontaneously broken
conformal symmetry.
Another option is to look for theories with a reduced number of super-
symmetries. In [23]–[25] a class of Chern-Simons Lagrangians with N = 4
supersymmetry (8 supercharges) was constructed. More recently, in [26] an
infinite class of brane configurations was given whose low energy effective
Lagrangian is a Chern-Simons theory with SO(6) R-symmetry and N = 6
supersymmetry (12 supercharges). These theories are related toN M2-branes
in R8/Zk, including k = 1. The Lagrangians were studied in detail in [27]–
[35]. More theories with N = 5 and N = 6 have also recently appeared in
[36].
Thus it is of interest to generalize the construction of our model, based
on 3-algebras, to the case of N = 6 supersymmetry. We will see that this can
be accomplished by relaxing the conditions on the triple product so that it
is no longer real and antisymmetric in all three indices. Rather it is required
to satisfy
fabc¯d¯ = −f bac¯d¯ and fabc¯d¯ = f ∗c¯d¯ab. (4)
The triple product is also required to satisfy the fundamental identity (2).
The rest of this paper is organized as follows. In section 2 we revisit
the analysis of [5], trying to be as general as possible. We will see that
the model presented there is the most general with N = 8 supersymmetry,
scale invariance and SO(8) R-symmetry. Section 3 contains the main results
of this paper. We follow the construction of [5], but only impose N =
3
6 supersymmetry, scale invariance, SU(4) R-symmetry, and a global U(1).
We find the supersymmetry transformations, the invariant Lagrangian, and
the conditions on the structure constants fabc¯d¯. In section 4 we discuss the
associated 3-algebra and show that a specific choice of triple product leads
directly to the models in [26], as presented in [27]. As a result, we are able
to provide the complete expressions for the Lagrangians in [26], including all
the supersymmetry transformations, in a manifestly SU(4) covariant form
(see also [34, 36]). Section 5 contains our conclusions. We collect our spinor
conventions and some useful identities in an appendix.
2 N = 8
Before presenting the main results of this paper, we re-examine the closure
of the N = 8 supersymmetry transformations given in [5] (see also [4]). In
particular, we relax as many assumptions as possible to find the minimum re-
quirements on fabcd. We proceed by assuming scale invariance and an SO(8)
R-symmetry. The most general form for the supersymmetry transformations
is then
δXId = iǫ¯Γ
IΨd
δΨd = DµX
I
dΓ
µΓIǫ−
1
6
XIaX
J
b X
K
c f
abc
dΓ
IJKǫ+
1
2
XJaX
J
b X
I
c g
abc
dΓ
Iǫ
δA˜µ
c
d = iǫ¯ΓµΓIX
I
aΨbh
abc
d, (5)
where Dµ is a covariant derivative, and g
abc
d and h
abc
d define triple products
on the algebra that are not antisymmetric (a possibility that was mentioned
in [3]). Without loss of generality we may assume that fabcd is antisymmetric
in a, b, c, while gabcd is symmetric in a, b. All quantities are taken to be real.
To begin we consider the closure on XId ,
[δ1, δ2]X
I
d = v
µDµX
I
d + Λ˜
c
dX
I
c + Ω
IJc
dX
J
c , (6)
where
vµ = −2iǫ¯2Γ
µǫ1
Λ˜cd = −iǫ¯2ΓJKǫ1X
J
aX
K
b f
abc
d
ΩIJcd = iǫ¯2Γ
IJǫ1X
K
a X
K
b g
abc
d. (7)
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The first two terms are familiar from [5]. The last transformation, how-
ever, mixes an internal symmetry with an R-symmetry, although we note it
becomes a pure R-symmetry if gabcd takes the form
gabcd = k
abδcd. (8)
This implies that R-symmetry must be gauged. A similar extension was
successfully used in [37, 38] except that the additional term was linear in XI .
As a result, the R-symmetry was not gauged, and the theory described a mass
deformation that preserved all supersymmetries but broke the R-symmetry
to SO(4)× SO(4).
R-symmetries cannot be gauged in rigid supersymmetry because the su-
percharges rotate into each other (by definition) and hence would have to
become local symmetries.4 Thus we are forced to set gabcd = 0.
We now consider the fermions. Evaluating [δ1, δ2]Ψd and using the Feirz
identity (see the appendix), we find four terms involving ǫ¯2ΓµΓLMNP ǫ1. After
some manipulations, we reduce these terms to
ǫ¯1ΓνΓLMNP ǫ2Γ
νΓIΓLMNPΓJXIcX
J
a (f
abc
d − h
abc
d)Ψb. (9)
Closure implies that (9) must vanish and hence
habcd = f
abc
d. (10)
Thus we are left with just one tensor fabcd. As in [5], the algebra closes on
the fermions using the on-shell condition
ΓµDµΨd +
1
2
ΓIJX
I
aX
J
b Ψcf
abc
d = 0. (11)
Next we turn to [δ1, δ2]A˜µ
c
d. Here we find a term that is fourth order in
the scalars:
(ǫ¯2ΓµΓIJKLǫ1)X
I
aX
J
eX
K
f X
L
g f
efg
bf
abc
d. (12)
This term vanishes provided that
f [abcef
d]ef
g = 0. (13)
4We thank J. Maldacena for this point.
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Given the antisymmetry of fabcd in a, b, c, this is equivalent to the fundamen-
tal identity (2). Continuing, we find
[δ1, δ2]A˜µ
c
d = 2i(ǫ¯2Γ
νǫ1)ǫµνλ(X
I
aD
λXIb +
i
2
Ψ¯aΓ
λΨb)f
abc
d
− 2i(ǫ2ΓIJǫ1)X
I
aDµX
J
b f
abc
d. (14)
Gauge invariance requires that the last line be equal to DµΛ˜
c
d. Writing
A˜µ
c
d = f
abc
dAµab, this implies the condition
fabcef
fge
d = f
fga
ef
ebc
d + f
fgb
ef
aec
d + f
fgc
ef
abe
d, (15)
which ensures that the gauge symmetry acts as a derivation. Equation (15)
is equivalent to (13) (e.g. see [11]), so we have recovered all the ingredients
of [5].
3 N = 6
In this section we relax the constraints on fabc¯d to construct an infinite class
of theories with fewer supersymmetries. We will construct a Lagrangian
with 12 supercharges (N = 6 supersymmetry), SU(4) R-symmetry, and a
U(1) internal symmetry. We continue to assume that ha¯b is positive definite,
although no substantial changes arise if ha¯b has a different signature.
We use a complex notation in which the SO(8) R-symmetry of the N = 8
theory is broken to SU(4) × U(1). The supercharges transform under the
SU(4) R-symmetry; the U(1) provides an additional global symmetry. We
introduce four complex 3-algebra valued scalar fields ZAa , A = 1, 2, 3, 4, as
well as their complex conjugates Z¯Aa¯. Similarly, we denote the fermions by
ψAa and their complex conjugates by ψ
A
a¯ . A raised A index indicates that
the field is in the 4 of SU(4); a lowered index transforms in the 4¯. We assign
ZAa and ψAa a U(1) charge of 1. Complex conjugation raises or lowers the
A index, flips the sign of the U(1) charge, and interchanges a ↔ a¯. The
supersymmetry generators ǫAB are in the 6 of SU(4) with vanishing U(1)
charge. They satisfy the reality condition ǫAB = 1
2
εABCDǫCD.
We postulate the following supersymmetry transformations (our spinor
conventions are listed in the appendix):
δZAd = iǫ¯
ABψBd
δψBd = γ
µDµZ
A
d ǫAB + f
ab¯c
1 dZ
C
a Z¯Cb¯Z
A
c ǫAB + f
abc¯
2 dZ
C
a Z
D
b Z¯Bc¯ǫCD
δA˜µ
c
d = iǫ¯ABγµZ
A
a ψ
B
b¯
fab¯c3 d + iǫ¯
ABγµZ¯Aa¯ψBbf
a¯bc
4 d, (16)
6
where fab¯c1 d, f
abc¯
2 d, f
ab¯c
3 d and f
a¯bc
4 d are tensors on the 3-algebra. Without
loss of generality, we assume that f
(ab)c¯
2 d = 0. The covariant derivative is
defined by DµZ
A
d = ∂µZ
A
d − A˜µ
c
dZ
A
c . Therefore we require that DµZ¯Ad¯ =
∂µZ¯Ad¯−A˜
∗
µ
c¯
d¯Z¯Ac¯. Supersymmetry then requires thatDµψ
A
d¯
= ∂µψ
A
d¯
−A˜∗µ
c¯
d¯ψ
A
c¯
and DµψAd = ∂µψAd − A˜µ
c
dψAc. These are the most general transformations
that preserve the SU(4), U(1) and conformal symmetries.
In [3] the N = 8 theory (without gauge fields) was written in terms of
such a complex notation with manifest SU(4)×U(1) symmetry. However, the
supersymmetries ǫAB were not considered in detail; the discussion focused on
the other four supersymmetry generators ε that are SU(4) singlets with U(1)
charge ±2. These supersymmetries have a natural N = 2 superspace inter-
pretation; they require that fabcd be real and totally antisymmetric. These
supersymmetries will not, in general, be preserved in the models presented
here. Indeed, imposing these as supersymmetries leads to the original N = 8
theory (written in complex notation).
To begin, we first consider the closure of (16) on the scalars. Using the
identities listed in the appendix, we find that [δ1, δ2]Z
A
d only closes onto
translations and a gauge symmetry if
fab¯c1 d = f
acb¯
2 d. (17)
In this case we find
[δ1, δ2]Z
A
d = v
µDµZ
A
d + Λc¯bf
abc¯
2 dZ
A
a , (18)
where
vµ =
i
2
ǫ¯CD2 γ
µǫ1CD, Λc¯b = i(ǫ¯
DE
2 ǫ1CE − ǫ¯
DE
1 ǫ2CE)Z¯Dc¯Z
C
b . (19)
The second term in (18) is a gauge transformation: δΛZ
A
d = Λc¯bf
abc¯
2 dZ
A
a .
Next we examine the closure of the algebra on the fermions. After some
work, we find that if
f a¯bc4 d = −f
ba¯c
3 d , (20)
and
fab¯c3 d = f
acb¯
2 d , (21)
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then
[δ1, δ2]ψDd = v
µDµψDd + Λb¯af
cab¯
2 dψDc
−
i
2
(ǫ¯AC1 ǫ2AD − ǫ¯
AC
2 ǫ1AD)ECd
+
i
4
(ǫ¯AB1 γνǫ2AB)γ
νEDd, (22)
where
ECd = γ
µDµψCd+f
abc¯
2 dψCaZ
D
b Z¯Dc¯−2f
abc¯
2 dψDaZ
D
b Z¯Cc¯−εCDEFf
abc¯
2 dψ
D
c¯ Z
E
a Z
F
b .
(23)
Thus we see that the supersymmetry algebra closes if we impose the on-shell
condition ECd = 0.
Finally we look at the gauge field A˜µ
c
d. In the closure there is a term that
is fourth order in the scalars that vanishes when fabc¯2 d satisfies the fundamen-
tal identity (2). At quadratic order in the fields, closure of the supersymmetry
transformations gives
[δ1, δ2]A˜µ
c
d = −f
ab¯c
3 dDµ(Λb¯a) (24)
+εµνλv
ν
(
DλZAa Z¯Ab¯ − Z
A
a D
λZ¯Ab¯ − iψ¯
A
b¯ γ
λψAa
)
fab¯c3 d.
Thus if we impose the on-shell condition
F˜µν
c
d = −εµνλ
(
DλZAa Z¯Ab¯ − Z
A
a D
λZ¯Ab¯ − iψ¯
A
b¯
γλψAa
)
f cab¯2 d, (25)
we see that the supersymmetry algebra closes onto translations and gauge
transformations
[δ1, δ2]A˜µ
c
d = v
νF˜µν
c
d +Dµ(Λb¯af
cab¯
2 d), (26)
provided that Dµ(f
cab¯
2 d) = 0. This is just the statement that f
cab¯
2 d is an
invariant tensor of the gauge algebra. In general it provides an additional
condition on f cab¯2 d. However we will see that it follows directly from the
fundamental identity whenever there is a Lagrangian.
Let us summarize our results so far. Henceforth we drop the subscript 2
on fabc¯2 d, which we take to be an invariant tensor of the gauge algebra that
satisfies (2); the remaining tensors fac¯b1 d, f
ac¯b
3 d and f
c¯ab
4 d are related to f
abc¯
d
through (17), (20) and (21). The supersymmetry transformations are
δZAd = iǫ¯
ABψBd
δψBd = γ
µDµZ
A
d ǫAB + f
abc¯
dZ
C
a Z
A
b Z¯Cc¯ǫAB + f
abc¯
dZ
C
a Z
D
b Z¯Bc¯ǫCD
δA˜µ
c
d = −iǫ¯ABγµZ
A
a ψ
B
b¯
f cab¯d + iǫ¯
ABγµZ¯Ab¯ψBaf
cab¯
d. (27)
8
In the case that fabcd is real and antisymmetric in a, b, c, we recover the
supersymmetry transformations of the N = 8 theory.
Let us now construct an invariant Lagrangian. We have seen that the
supersymmetry algebra closes into a translation plus a gauge transformation.
On the field Z¯Ad¯, we find
[δ1, δ2]Z¯Ad¯ = v
µDµZ¯Ad¯ + Λ
∗
cb¯f
∗a¯b¯c
d¯Z¯Aa¯, (28)
with v and Λc¯b given in (19). The second term is a gauge transformation,
δΛZ¯Ad¯ = Λ
∗
cb¯
f ∗a¯b¯cd¯Z¯Aa¯ = −Λb¯cf
∗a¯b¯c
d¯Z¯Aa¯. To construct a gauge-invariant
Lagrangian (or, for that matter, any gauge-invariant observable) we need
the metric to be gauge invariant, namely δΛ(h
a¯bZ¯Aa¯Z
A
b ) = 0. Therefore we
must require
fabc¯d¯ = f ∗c¯d¯ab, (29)
where fabc¯d¯ = fabc¯eh
d¯e. This implies that (Λ˜cd¯)∗ = −Λ˜dc¯, where
Λ˜cd¯ = Λb¯af
cab¯d¯, (30)
so the transformation parameters Λ˜cd are elements of u(N), although they
are not in general all of u(N).
The first term in (28) contains the translation. Note that it appears as
part of a covariant derivative, vµDµZ¯Ad¯ = v
µ∂µZ¯Ad¯ − v
µA˜∗µ
c¯
d¯Z¯Ac¯ The first
part is the translation, while the second is another gauge transformation,
with parameter Λ˜∗c¯d¯ = −v
µA˜∗µ
c¯
d¯. This implies that the gauge field also takes
values in u(N).
With these results, it is not hard to show that an invariant Lagrangian
(up to boundary terms) is given by
L = −DµZ¯aADµZ
A
a − iψ¯
AaγµDµψAa − V + LCS
−ifabc¯d¯ψ¯A
d¯
ψAaZ
B
b Z¯Bc¯ + 2if
abc¯d¯ψ¯A
d¯
ψBaZ
B
b Z¯Ac¯ (31)
+
i
2
εABCDf
abc¯d¯ψ¯Ad¯ ψ
B
c¯ Z
C
a Z
D
b −
i
2
εABCDf cda¯b¯ψ¯AcψBdZ¯Ca¯Z¯Db¯ ,
where the potential is
V =
2
3
ΥCDBd Υ¯
Bd
CD, (32)
where
ΥCDBd = f
abc¯
dZ
C
a Z
D
b Z¯Bc¯ −
1
2
δCBf
abc¯
dZ
E
a Z
D
b Z¯Ec¯ +
1
2
δDB f
abc¯
dZ
E
a Z
C
b Z¯Ec¯. (33)
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The zero-energy solutions correspond to ΥCDBd = 0. This is equivalent to
ΥCDBd ǫCD = 0 for arbitrary ǫCD, which implies that the zero-energy solutions
preserve all 12 supersymmetries.
The ‘twisted’ Chern-Simons term LCS is given by
LCS =
1
2
εµνλ
(
fabc¯d¯Aµc¯b∂νAλd¯a +
2
3
facd¯gf
gef¯ b¯Aµb¯aAνd¯cAλf¯e
)
. (34)
It satisfies
δLCS
δA˜λab¯
facd¯b¯ =
1
2
ελµνF˜µν
cd¯, (35)
up to integration by parts, where F˜µν
a
b = −∂µA˜ν
a
b + ∂νA˜µ
a
b + A˜ν
a
eA˜µ
e
b −
A˜µ
a
eA˜ν
e
b. Just as in [5], this term can be viewed as a function of A˜µ
c
d and
not Aµcd¯.
Note that the Lagrangian (31) is automatically gauge invariant since it is
supersymmetric and supersymmetries close into gauge transformations. One
can also confirm that the equations of motion give the on-shell conditions
that we found above for closure of the supersymmetry algebra.
4 Three-Algebras and Their Construction
A given tensor fabc¯d defines a triple product on the algebra with (complex)
generators T a:
[T a, T b;T
c
] = fabc¯dT
d, (36)
which is linear and anti-symmetric in the first two entries and complex anti-
linear in the third. In a sense one may think of [· , · ; · ] as generating a map
from the 3-algebra A into the space of endomorphisms of A, i.e. for a fixed
pair Y, Z ∈ A, [·, Y ;Z] defines a linear map of A into itself. We then obtain
a triple product of any three elements X, Y, Z ∈ A by evaluating the map
[·, Y ;Z] on X .
For the case at hand, the triple product generates a gauge symmetry
δZAd = Λb¯af
cab¯
dZ
A
c . (37)
This is similar to the gauge symmetry in [5], but there are some important
differences. Let us generalize the discussion of [39]. In what follows, we
assume the existence of a gauge-invariant metric, so Λab extracted from (19)
is an element of u(N). The symmetries (4) imply that Λ˜cd = f
cab¯
dΛb¯a is also
10
an element of u(N) (where we assume for concreteness that the metric is
positive definite). Thus f cab¯d defines a map f : u(N)→ u(N);
f(Λ)cd = Λb¯af
cab¯
d . (38)
Let G be the vector space generated by the image of f . The fundamental
identity (2) implies that
[f(Λ1), f(Λ2)] = f(Λ3) (39)
where Λ3a¯b = Λ1a¯eΛ2g¯ff
efg¯
b − Λ1e¯bΛ2g¯ff
∗e¯g¯f
a¯. In other words, the space G of
gauge transformations is closed under the ordinary matrix commutator and
is therefore a Lie subalgebra of u(N). In the special case that fabcd = −facbd,
we see that fabcd is real and totally antisymmetric. In that case G is generated
by antisymmetric elements of u(N). These are necessarily real and hence we
recover the construction of [5] in which G is a Lie subalgebra of so(N).
Using the metric and the condition (29), we write the fundamental iden-
tity (2) as
fabc¯ef
efg¯
d = f
afg¯
ef
ebc¯
d + f
bfg¯
ef
aec¯
d − fe¯
f g¯c¯fabe¯d, (40)
which says that the gauge symmetry acts as a derivation. In particular if we
contract (40) with Λg¯f it is equivalent to the condition
δ[ZA, ZB; Z¯C ] = [δZ
A, ZB; Z¯C ] + [Z
A, δZB; Z¯C ] + [Z
A, ZB; δZ¯C ]. (41)
where δZA = Λ˜abZ
A
a T
b. Thus we see that the gauge symmetry acts as a
derivation.
To continue we give a characterization of tensors fabc¯d¯ that satisfy (2) and
(4) by adapting a discussion from [40]. As we have noted, fabc¯d¯ generates the
Lie algebra G of gauge transformations. For any two generators T a and T b,
we write
[X, T a;T
b¯
]d = Γ
ab¯
A (t
A)cdXc, (42)
where the Γab¯A are constants and the t
A are a matrix representation of G inside
u(N). In particular, the tA are anti-Hermitian. We note that
fabc¯d¯ = Tr(T
d¯
, [T a, T b;T
c¯
]), (43)
and thus
fabc¯d¯ = Γbc¯A(t
A)ad¯, (44)
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where we have used the metric to raise an index. Since fabc¯d¯ = f ∗c¯d¯ab, we
also see that the Γad¯A must be such that
fabc¯d¯ =
∑
AB
ΩAB(t
A)ad¯(tB)bc¯ (45)
for some real and symmetric ΩAB. If we now substitute this expression into
the fundamental identity, we find
0 =
∑
ABCDE
ΩCD(c
CB
EΩAB + c
CB
AΩEB)(t
A)ab¯(tE)cd¯(tD)f g, (46)
where the cABC are the structure constants of G, i.e. [t
A, tB] = cABCt
C .
Defining (jA)BC = c
AB
C to be the usual adjoint representation of G, we see
that the fundamental identity implies
[Ω, jC ] = 0 (47)
for all C, provided that ΩAB is invertible. Thus by Schur’s Lemma, ΩAB must
be proportional to the identity in each simple component of G. In particular
if the Lie algebra G is of the form
G = ⊕λGλ, (48)
where Gλ are commuting subalgebras of G, then we find
fabc¯d¯ =
∑
λ
ωλ
∑
α
(tαλ)
ad¯(tαλ)
bc¯, (49)
where the tαλ span a u(N) representation of the generators of Gλ and the ωλ
are arbitrary constants.
This would seem to furnish us with a very large class of N = 6 La-
grangians. However, the fabc¯d¯ that we constructed in (49) do not necessarily
satisfy fabc¯d¯ = −f bac¯d¯. This condition must be imposed by hand as an addi-
tional constraint.
This form for fabc¯d¯ allows us to write the ‘twisted’ Chern-Simons term as
follows,
LCS =
∑
λ
1
4dλωλ
Tr
(
A˜(λ) ∧ dA˜(λ) +
2
3
A˜(λ) ∧ A˜(λ) ∧ A˜(λ)
)
. (50)
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Here A˜(λ)
c
d = A˜µα(t
α
λ)
c
ddx
µ is the projection of the gauge field onto the
eigenspace Gλ and dλ is defined by the normalization Tr(t
α
λt
β
λ) = dλδ
αβ. We
are free to rescale the generators tαλ so that dk agrees with the same quantity
as calculated when the trace is taken to be in the fundamental representation
of Gλ. For the path integral to be well-defined, the coefficient of a Chern-
Simons term must be k/4π, where k ∈ Z [41]. This leads to a quantization
condition of the form ωλ = π/dλk.
With these results, the Lagrangian can be written as
L = −Tr(DµZ¯A, DµZ
A)− iTr(ψ¯A, γµDµψA)− V + LCS
−iTr(ψ¯A, [ψA, Z
B; Z¯B]) + 2iTr(ψ¯
A, [ψB, Z
B; Z¯A]) (51)
+
i
2
εABCDTr(ψ¯
A, [ZC , ZD;ψB])−
i
2
εABCDTr(Z¯D, [ψ¯A, ψB; Z¯C ]) ,
where
V =
2
3
Tr(ΥCDB , Υ¯
B
CD); (52)
ΥCDB = [Z
C , ZD; Z¯B]−
1
2
δCB [Z
E , ZD; Z¯E] +
1
2
δDB [Z
E , ZC ; Z¯E],
and LCS is given in (50).
We close this section by constructing an infinite class of examples. Let V1
and V2 be complex vector spaces with dimensions N1 and N2, respectively.
Consider the vector space A of linear maps X : V1 → V2. In general there is
no natural notion of a product on A, but there is a natural notion of a triple
product:
[X, Y ;Z] = λ(XZ†Y − Y Z†X). (53)
Here † denotes the transpose conjugate and λ is an arbitrary constant. If we
introduce the inner product
Tr(X, Y ) = tr(X†Y ), (54)
where tr denotes the ordinary matrix trace, then one sees that fabc¯d¯ satisfies
the correct symmetry properties as well as the fundamental identity.
From the Lie-algebra point of view, V1 ∼= C
N1 and V2 ∼= C
N2 can be
regarded as the vector space of the fundamental representation of U(N1) and
U(N2) respectively. The maps X : V1 → V2 can then be viewed as states in
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the bi-fundamental representation (N1, N¯2). It is easy to see that the Lie
algebra G acts on X by
δX = XM1 −M
†
2X, (55)
where M1,M2 are elements of u(N1) and u(N2) respectively. Thus we see
that G = u(N1)⊕ u(N2). Finally one can check that
δ[X, Y ; Z¯] = [X, Y ; Z¯]M1 −M
†
2 [X, Y ; Z¯], (56)
which is a manifestation of the fundamental identity.
With this choice of 3-algebra, the action (51) becomes
L = −tr(DµZ†ADµZ
A)− itr(ψ¯A†γµDµψA)− V + LCS
−iλtr(ψ¯A†ψAZ
†
BZ
B − ψ¯A†ZBZ†BψA)
+2iλtr(ψ¯A†ψBZ
†
AZ
B − ψ¯A†ZBZ†AψB) (57)
+iλεABCDtr(ψ¯
A†ZCψB†ZD)− iλεABCDtr(Z†Dψ¯AZ
†
CψB) .
For N1 = N2 this is the N = 6 action of [26], as written in component form
in [27]. For N1 6= N2 we obtain the U(N1)×U(N2) models proposed in [42].
5 Conclusions
In this paper we have studied the general form of three-dimensional La-
grangians with N = 6 supersymmetry, SU(4) R-symmetry and a U(1) global
symmetry. The resulting Lagrangians are of Chern-Simons form, with in-
teracting scalars and vectors that take values in a so-called 3-algebra. As
with the N = 8 model previously constructed, the Lagrangian is entirely
determined by specifying a triple product on a 3-algebra that satisfies the
fundamental identity. For N = 6, the tensor fabc¯d¯ that defines triple product
need not be real or totally antisymmetric.5
We believe that the N = 6 theories relevant for multiple M2-branes
are classified by tensors fabc¯d¯ that satisfy the fundamental identity (2) and
possess the symmetry properties (4). There is at least one very natural form
for the triple product that leads to the models of [26] with gauge group
5In the special case that fabcd is totally antisymmetric, it is also real and the Lagrangian
becomes that of the N = 8 theory.
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U(N)×U(N). It would certainly be interesting to see if there are any other
examples and hence other models. For example N = 6 models with gauge
group Sp(2N)× O(2) have appeared in [36]. In addition, perhaps there is a
connection to the embedding tensor approach studied in [43], or to the work
of [17, 44] that classifies totally antisymmetric 3-algebras.
We note that we have emphasized the role of triple products and 3-
algebras even though the resulting Lagrangians can be viewed as relatively fa-
miliar Chern-Simons gauge theories based on Lie algebras with matter fields.
From our point of view, the dynamical fields have interactions that are most
naturally defined in terms of a triple product. Thus even though the 3-
algebra may not be an independent structure apart from a Lie algebra, we
believe the triple product is the central concept behind the M2-brane dynam-
ics. For example in [9], the light states on the Coulomb branch of the N = 8
theory were found to have masses, at least in the classical theory, that are
proportional to the area of a triangle whose vertices end on the M2-branes.
This is a consequence of the appearance of the triple product in the dynamics
and hints to underlying M-theory degrees of freedom analogous to the open
strings that arise in D-branes.
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Appendix
In this paper all spinor quantities in lower case letters are those of three-
dimensional Minkowski space with real two-component spinors. Spinor quan-
tities with capitol letters refer to 11-dimensional Minkoswki space with 32
component spinors (although the supersymmetry generators are always de-
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noted by a lower case ǫ). In both cases γµ, µ = 0, 1, 2 and Γm, m =
0, 1, 2, ..., 10 are sets of real γ-matrices with γ012 = 1 (resp. Γ012345678910 = 1)
and ǫ¯ = ǫTγ0 (resp. ǫ¯ = ǫ
TΓ0 ). The 8 transverse directions are labeled by the
scalars XI , I, J = 1, .., 8 or in terms of 4 complex scalars ZA, A,B = 1, 2, 3, 4,
with complex conjugates Z¯A.
In three dimensions the Fierz transformation is
(λ¯χ)ψ = −
1
2
(λ¯ψ)χ−
1
2
(λ¯γνψ)γ
νχ. (58)
Furthermore, we note the following useful identities:
1
2
ǫ¯CD1 γνǫ2CD δ
A
B = ǫ¯
AC
1 γνǫ2BC − ǫ¯
AC
2 γνǫ1BC
2ǫ¯AC1 ǫ2BD − 2ǫ¯
AC
2 ǫ1BD = ǫ¯
CE
1 ǫ2DEδ
A
B − ǫ¯
CE
2 ǫ1DEδ
A
B
− ǫ¯AE1 ǫ2DEδ
C
B + ǫ¯
AE
2 ǫ1DEδ
C
B
+ ǫ¯AE1 ǫ2BEδ
C
D − ǫ¯
AE
2 ǫ1BEδ
C
D (59)
− ǫ¯CE1 ǫ2BEδ
A
D + ǫ¯
CE
2 ǫ1DEδ
A
D
1
2
εABCD ǫ¯
EF
1 γµǫ2EF = ǫ¯1ABγµǫ2CD − ǫ¯2ABγµǫ1CD
+ ǫ¯1ADγµǫ2BC − ǫ¯2ADγµǫ1BC (60)
− ǫ¯1BDγµǫ2AC + ǫ¯2BDγµǫ1AC .
In eleven dimensions the Fierz transformation is
(ǫ¯2χ)ǫ1 − (ǫ¯1χ)ǫ2 = (61)
−
1
16
(
2(ǫ¯2Γµǫ1)Γ
µχ− (ǫ¯2ΓIJǫ1)Γ
IJχ+
1
4!
(ǫ¯2ΓµΓIJKLǫ1)Γ
µΓIJKLχ
)
,
where ǫ1, ǫ2 and χ have the same chirality with respect to Γ012.
We also found the following identities useful:
ΓMΓ
IJΓM = 4ΓIJ
ΓMΓ
IJKLΓM = 0
ΓIJPΓKLMNΓP = −Γ
IΓKLMNΓJ + ΓJΓKLMNΓI
ΓIΓKLΓJ − ΓJΓKLΓI = 2ΓKLΓIJ − 2ΓKJδIL + 2ΓKIδJL − 2ΓLIδJK
+2ΓLJδIK − 4δKJδIL + 4δKIδJL
ΓIJMΓKLΓM = 2Γ
KLΓIJ − 6ΓKJδIL + 6ΓKIδJL − 6ΓLIδJK
+6ΓLJδIK + 4δKJδIL − 4δKIδJL. (62)
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